In recent years, acoustic metamaterials have attracted increasing scientific interest for very diverse technological applications ranging from sound abatement to ultrasonic imaging, mainly due to their ability to act as band-stop filters. At the same time, the concept of chaotic cavities has been recently proposed as an efficient tool to enhance the quality of nonlinear signal analysis, particularly in the ultrasonic/acoustic case. The goal of the present paper is to merge the two concepts in order to propose a metamaterial-based device that can be used as a natural and selective linear filter for the detection of signals resulting from the propagation of elastic waves in nonlinear materials, e.g., in the presence of damage, and as a detector for the damage itself in time reversal experiments. Numerical simulations demonstrate the feasibility of the approach and the potential of the device in providing improved signal-to-noise ratios and enhanced focusing on the defect locations. Acoustic metamaterials (AMMs) are artificially structured composite materials that enable manipulation of the dispersive properties of vibrational waves. Generally, they are periodic distributions of cavities or inclusions (scatterers) embedded in a matrix.
In recent years, acoustic metamaterials have attracted increasing scientific interest for very diverse technological applications ranging from sound abatement to ultrasonic imaging, mainly due to their ability to act as band-stop filters. At the same time, the concept of chaotic cavities has been recently proposed as an efficient tool to enhance the quality of nonlinear signal analysis, particularly in the ultrasonic/acoustic case. The goal of the present paper is to merge the two concepts in order to propose a metamaterial-based device that can be used as a natural and selective linear filter for the detection of signals resulting from the propagation of elastic waves in nonlinear materials, e.g., in the presence of damage, and as a detector for the damage itself in time reversal experiments. Numerical simulations demonstrate the feasibility of the approach and the potential of the device in providing improved signal-to-noise ratios and enhanced focusing on the defect locations. Acoustic metamaterials (AMMs) are artificially structured composite materials that enable manipulation of the dispersive properties of vibrational waves. Generally, they are periodic distributions of cavities or inclusions (scatterers) embedded in a matrix. 1 Among their unique vibrational characteristics, the attractive property of such structures to act as stop-band filters can be exploited to attenuate mechanical waves over entire frequency bands, commonly known as band gaps (BGs). As a consequence, appropriate configurations of the metamaterial structure allow focusing of energy in selected frequency ranges. 2 These two main properties make the AMMs potentially interesting for applications in nonlinear acoustics and structural health monitoring. 3, 4 A mechanical wave that travels through a damaged structure generally interacts with interfaces, crack tips, delaminations, etc., acquiring and conveying information about the specimen integrity or type of damage. Nonlinear phenomena emerging from these interactions are by far the most interesting features, both from the theoretical and the applicative point of view. [5] [6] [7] [8] In the presence of large stress or strain values, the linear approximation in the stressstrain relation (Hooke's law) is no longer valid due to the anomalous local dynamics of material portions (typically defects). 9 This gives rise to a spectral modification in the output response, generating multiple harmonics of the input solicitation frequency, nonlinear attenuation effects, and changes in the wave velocity or in the resonance frequency. The nonlinear techniques that have been developed for damage detection are in general designated as Nonlinear Elastic Wave Spectroscopy (NEWS). [10] [11] [12] One important application of the NEWS techniques is damage locating through nonlinear Time Reversal (TR) experiments. [13] [14] [15] The TR procedure consists of re-injecting a time-reversed signal into the sample: due to the invariance of the equation of motion under a time inversion (t ! Àt), the re-injected wave back-propagates through the medium retracing the incoming multiple scattering paths and ultimately refocuses at the original source location. The basic idea of nonlinear TR is that the defects, by scattering incident elastic waves, act as active sources of higher order harmonics. It is then possible to filter the recorded signal and time-reverse only the part of the signal generated by the defect.
Despite the considerable interest attracted by the NEWS and nonlinear TR techniques and the resulting advances in recent years, 16, 17 several aspects remain to be addressed. Since the information is carried by higher order harmonics and their spectral weight is very low compared to that of the fundamental (at most of the order of a few percent), an increase of the signal to noise ratio is of primary importance [18] [19] [20] and it is necessary to amplify signals due to the nonlinear effects that are often submerged below the noise level. 21 In this work, we propose to integrate standard piezoelectric sensors with the AMM-based structures, exploiting their capability of naturally filtering out or reflecting incident mechanical waves in the prescribed frequency ranges, thus enhancing the efficiency in sensing higher harmonics and focusing on the nonlinear TR. The advantages with respect to traditional digital (post-processing) filtering performed with standard piezoelectric sensors are discussed and an application to NEWS-TR is presented.
An example of such a meta-device is shown schematically in Fig. 1(a) . The device includes a chaotic cavity, which has been introduced in NEWS-TR applications in the past to enhance, through its irregular geometry, multiple scattering and reflections. A piezoelectric transducer placed on the surface of the cavity acts as a receiver (and as an actuator in the backward propagation in a TR experiment). Two metamaterial regions, indicated as MM1 and MM2 in Fig.  1 (a), are integrated in the meta-device: the first to filter out the fundamental frequency of the incident wave, which does not contain the nonlinear signature of damage, and the second to selectively focus a higher harmonic component on the receiver, thus enhancing the amplitude of the nonlinear components of the recorded signal with respect to the noise level and to the other frequency components. The two regions (MM1 and MM2) have different roles of filtering (barrier) or focusing (mirror) elastic waves, depending on their geometrical configuration and location. Both exploit the property of AMMs to selectively reflect a certain range of frequencies, depending on the lattice parameters. In particular, in our configuration, MM2 has been designed to reflect the second order harmonics and to focus them in the geometrical centre of the mirror, where the receiver is placed.
In order to demonstrate the enhancement of the sensitivity provided by the AMMs, the meta-device performance is analysed using 2D simulations on a section of the coupled system (consisting of the sample and the device). The metadevice is modelled as an isotropic aluminium plate (density q ¼ 2700 kg/m 3 , Lam e elastic constants k ¼ 51.08 GPa, l ¼ 26.31 GPa) with periodic arrangements of cross-shaped cavities. This configuration is chosen due to the good compromise obtained between small solid/void ratio and large BGs. 24 The so-called unit cells, i.e., the smallest geometries that allow the full computation of the AMM dispersion diagrams, are illustrated in Fig. 1(b) , for the MM1 and MM2 regions (i ¼ 1 and 2, respectively). The band structure is derived assuming periodic boundary conditions (PBCx and PBCy) at the edges of the cells. The resulting eigenvalue problem is solved along the three symmetry paths of the first irreducible Brillouin zone C À X À M using finite element (FE) simulations and exploiting the Bloch-Floquet theorem [25] [26] [27] with the aid of the commercial software Comsol MultiPhysics. 28 The unit cell domains are modelled under the 2D plane strain assumption and meshed by means of 3-node triangular elements of maximum size L FE ¼ 0.05 mm to provide accurate eigensolutions up to the maximum frequency of 3.5 MHz. Fig. 2 presents the band structures for the filtering metamaterial (MM1) and the focusing metamaterial (MM2) in terms of reduced wavevector k Ã ¼ ½k x Á a=p; k y Á a=p, where k x and k y are the wavevectors in the x and y Fig. 1(b) for (a) i ¼ 1 and (b) i ¼ 2. directions, respectively. For the MM1 structure, three complete BGs (light grey rectangles) exist in the 0-3.5 MHz frequency range, with a larger complete BG extending from 0.64 MHz to 1.12 MHz (Ref. 29) (Fig. 2(a) ). A similar dispersion diagram is obtained for the MM2 structure, with a single BG centred around f ¼ 2 MHz (Fig. 2(b) ).
FIG. 2. Dispersion diagrams for unit cells described in
The considered sample containing a nonlinear defect consists of a 2D isotropic plate of dimensions 14 Â 3 cm 2 , with the following Lam e constants: k ¼ 5.00 GPa and l ¼ 8.90 GPa. The density is q ¼ 2400 kg/m 3 . The meta-device is coupled to the sample (under the hypothesis of ideal contact) with a contact length of d ¼ 1 cm. A small (1 Â 1 mm 2 ) hysteretic nonlinear square defect is located at P ¼ (4, 2) cm. A nonclassical nonlinear model developed by some of the authors, 12, 30, 31 implemented using a Preisach-Mayergoyz 32 space representation, based on a multi-state elastic model, is adopted to simulate the nonlinear elastic response of the defect (the model is briefly described in the supplementary material 29 ). We first analyze the filtering properties of the metadevice described in Fig. 1(a) , comparing it to the performance of a chaotic cavity without metamaterial regions MM1 and MM2. A Gaussian modulated plane wave with a central frequency falling in the first BG of the filtering metamaterial (f c ¼ 1 MHz) is injected from a transducer placed on the left edge of the sample (i.e., on the opposite side with respect to the meta-device) and the propagation in the specimen is simulated. The interaction of the propagating wave with the hysteretic defect generates higher order harmonics. Across the contact surface between sample and device, the wave propagates and interacts with the geometrical constraints (boundaries) of the chaotic cavity, without any change in the frequency spectrum. A long time signal is detected at the receiver position. 29 In Fig. 3 , the spectrum of the velocity signals obtained in different cases is shown and compared. As expected, when only a chaotic cavity transducer is used (i.e., replacing the metamaterial regions MM1 and MM2, in Fig. 1(a) with homogeneous aluminum regions), the spectral component at the frequency of the source dominates (Fig. 3(a) ). If a digital filter centred around the fundamental frequency is applied (see inset), the second and third harmonics become visible. Addition of the MM1 region to the cavity leads to a similar spectrum, as shown in Fig. 3(b) , with the spectral components around the second and third harmonics that are slightly more evident than in the previous case. Thus, the sensor equipped with a single metamaterial region (MM1) can act as an efficient analog filter. Furthermore, addition of the second metamaterial region (MM2) leads to both filtering and focusing, since only the second harmonic is detected, as shown in Fig. 3(c) . Of course, the second metamaterial region could be designed to act as a focusing mirror for any chosen higher order harmonic. The detected amplitude is much larger (about 5 times larger than in previous cases), showing the advantages of an increased signal to noise ratio and of selective (almost monochromatic) filtering, even if the focusing mirror is not designed with an optimal shape. Notice that the design of spherical-shape metamaterial mirrors is not trivial and might lead to further improvements for the detection of the nonlinear signature in the detected time signals (work is in progress on this topic). The improvements obtained using the proposed device with respect to conventional digital filtering techniques, both in amplitude and quality of the Fast Fourier Transform (FFT), become particularly important when time signals are affected by intrinsic noise and/or when direct analysis of the time signals is required for a fast and simple online inspection. In this case, time signals with amplitudes above the noise level trigger an on/off threshold for the recognition of the presence of damage in the sample (see discussion in the supplementary material 29 ). Finally, an application of the meta-device described in Fig. 1(a) is presented to demonstrate the possibility of employing it for NEWS-TR. The filtering process in NEWS-TR is normally performed in a post-processing procedure. Instead, using the meta-device we obtain natural filtering by the AMM that is transparent only to the super-harmonics generated by the defect. The signal recorded by the sensor in the chaotic cavity can thus be readily inverted and retransmitted into the sample.
As in the case of traditional TR imaging procedures, the experiment is performed in two steps: first, in forward propagation, the sample is illuminated by a perturbation (8-cycles of a Gaussian modulated wave), with central frequency of f c ¼ 1 MHz and a time length of s ¼ 0.01 ms. Then, in backward propagation, the recorded signal of total length Dt ¼ 3 ms is time inverted and re-injected from the location of the sensor that can also be used as an actuator. The backward propagation, spatial focusing of the wave field and temporal compression of the signal, is expected at the defect location. The velocity of each node of the grid is recorded at each time step of the simulation. This gives a map of the wave field, similar to that obtained in the experimental results using a scanning laser Doppler vibrometer. At the focal time, the spatial map of the recorded velocities reveals focusing at the position of the defect, with a considerable concentration of energy, as shown in Fig. 4(a) . Focusing is also obtained in the time domain, as can be seen by plotting the recorded time signal. In Fig. 4(b) , the time evolution of the velocities calculated at two different nodes is reported: the first is located at the focal point, at the centre of the nonlinear scatterer (blue line), and shows excellent time compression (focusing); the second is far from the focal point (red line) and displays an incoherent and defocused signal. Notice that multiple scattering due to backward propagation of the wavefield through the AMM increases the efficiency of TR and provides a high degree of focusing. To confirm the efficiency of the proposed approach, we also performed simulations on the same structure without the AMM, using other filtering methods (e.g., Phase Inversion 33 ) obtaining very similar results. 29 In conclusion, we have proposed to combine in a single device the bandstop filter properties of a metamaterial with the high sensitivity of a chaotic cavity for the detection of harmonics generated by defect-related nonlinearities. We have demonstrated in numerical simulations that the proposed device allows selective filtering of single harmonic components, without the need of digital post-processing and with increased nonlinear signal component amplitudes at the receiver position. The simplicity in design and potential low production costs could make the proposed sensor a valid alternative to standard piezoelectric transducers for nonlinear acoustics experiments. In addition, other acoustic metamaterial properties such as tunability, cloaking, or wave guiding could potentially be exploited to further enhance the sensor capabilities or even multifunctionality. 
